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341. 


ON THE SEXTACTIC POINTS OF A PLANE CURVE. 


[From the Philosophical Transactions of the Royal Society of London, vol. cLv. (for the 
p ; 4 y 
year 1865), pp. 545—578. Received November 5,—Read December 22, 1864.] 


Ir is, in my memoir “On the Conic of Five-pointic Contact at any point of a 
Plane Curve,” Phil. Trans. vol. CXLIX. (1859), pp. 371—400, [261], remarked that as 
in a plane curve there are certain singular points, viz. the points of inflexion, where 
three consecutive points lie in a line, so there are singular points where six consecutive 
points of the curve lie in a conic; and such a singular point is there termed a 
“sextactic point.” The memoir in question (here cited as “former memoir”) contains 
the theory of the sextactic points of a cubic curve; but it is only recently that 
I have succeeded in establishing the theory for a curve of the order m. The result 
arrived at is that the number of sextactic points is =m(12m-—27), the points in 
question being the intersections of the curve m with a curve of the order 12m — 27, 
the equation of which is 


(12m? — 54m +57) H Jac. (U, H, OR) 
+(m — 2)(12m — 27) H Jac. (U, H, Qz) 
+ 40 (m — 2? Jac. (U, H, V )=0, 


where U=0 is the equation of the given curve of the order m, H is the Hessian 
or determinant formed with the second differential coefficients (a, b, c, f, g, h) of U, 
and, (M, B, ©, F, ©, H) being the inverse coefficients (A = be —/f?, &c.), then 


X= (A, B, C, F, ©, Hds, a, 0.) H, 
Vv =(a, $, C, 8, ©, HýH, ôH, 0-H) ; 
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and Jac. denotes the Jacobian or functional determinant, viz. 
Jac. (U0, H, V¥)=|,0,U, 0,U, 6,0 

| 0,H, OH, 0,H 

av, av, av. 


2 


and Jac. (U, H, Q) would of course denote the like derivative of (U, H, Q); the 
subscripts (zm 5) of © denote restrictions in regard to the differentiation of this 
function, viz. treating Q as a function of U and H, 


a=, 8, 6, 3, ©, HAv, V, o, f’, 2f’, 2, W) 
if (a’, b’, d, f’, g', h’) are the second differential coefficients of H, then we have 
GO: AAA E E) (=0,0 5) 
+( ,..%0,0’,..) (=0,25); 
viz. in 0,Q% we consider as exempt from differentiation (a’, V, c, f’, g’, W) which 
depend upon H, and in 0,2% we consider as exempt from differentiation (A, 8, C, F, ©, H) 
which depend upon U. We have similarly 
0yQ = 0 N7 +0,N%, and 0,0 =0,07%+0,0; ; 
and in like manner 
Jac, (U, H, O)=Jae. (U, H, Og) +Jac. (U, H, OF), 
which explains the signification of the notations Jac. (U, H, Qg), Jac. (U, H, Qz). 


The condition for a sextactic point is in the first instance obtained in a form 
involving the arbitrary coefficients (A, p, v); viz we have an equation of the order 5 
in (A, p, v) and of the order 12m—22 in the coordinates (æ, y, z) But writing 
S=Ar+py+vz, by successive transformations we throw out the factors 9, S, S, $, 
thus arriving at a result independent of (A, w, v); viz. this is the before-mentioned 
equation of the order 12m — 27. The difficulty of the investigation consists in obtaining 
the transformations by means of which the equation in its original form is thus 
divested of these irrelevant factors. 


Articles Nos. 1 to 6.—Investigation of the Condition for a Sextactic Point. 


1. Following the course of investigation in my former memoir, I take (X, Y, Z) 
as current coordinates, and I write 


T=(* LX, Y, Z™=0 


for the equation of the given curve; (æ, y, z) are the coordinates of a particular 
point on the given curve, viz. the sextactic point; and U, =(«* a, y, z)”, is what T 
becomes when (a, y, z) are written in place of (X, Y, Z): we have thus U=0 as a 
condition satisfied by the coordinates of the point in question. 
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2. Writing for shortness 
DU =(Xe,+ Yo, + Z0,) U, 
D?U = (Xd; + Yo, + Z0,)U, 
and taking IIT=aX+bY+cZ=0 for the equation.of an arbitrary line, the equation 
DU -IDU =0 


is that of a conic having an ordinary (two-pointic) contact with the curve at the 
point (æ, y, z); and the coefficients of Ii are in the former memoir determined so 
that the contact may be a five-pointic one; the value obtained for II is 


=37DH+ ADU, 
where 
1 


3. This result was obtained by considering the coordinates of a point of the 
curve as functions of a single arbitrary parameter, and taking 


æ+ de +4de+ ida + Adie, y+&e, 2+ &e. 


for the coordinates of a point consecutive to (æ, y, z); for the present purpose we 
must go a step further, and write for the coordinates 


æ+ de +4 detida t g d'et ty da, 
y + dy +3 dy +3 dy + yy d'y + rho dy, 
etdz+idze+idie+Adiz + zh, d. 
4. Hence if 
0, = dx dz + dy 0y+dz0,, 0: = d'a 0, + dy ay +d?z0,, &c., 
we have, in addition to the equations 
U=0, 
0,0 = 0, 
(0,2 + 20,) I =0, 
(0,3 + 30,0, + 3s) U = 0, 
(0,4 + 60,°0, + 40,0, + 30,? + 0,) U = 0, 
of my former memoir, the new equation 


(0,5 + 100,°0, + 100,20, + 150,0,? + 50,0, + 100:0; + 0;) U = 0, 
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and in addition to the equations, (P = ax + by + cz), 
— (m—2)02U+P.4020=0, 
— 4 [(m— 1) 034+ 3 (m — 2) 0,0.] U + P . 4 (03+ 30,0.) 0+0,P.402U =0, 
— sh [(m — 1) (0,4 + 62,2.) + (m — 2) (42,2, + 302)] U 
+P. Ay (0:4 + 60,0. + 40,0, + 80,2) U + 0,P..4 (0,3 + 30,0,) U + 40,P . 402 U = 0, 
giving in the first instance 


P=2(m-—2), 
oU 
aP =$ aag? 


Miia (0,4 + 60,70.) U Pity ON U (03 + 30,0.) U 
‘coke 7 ena aa» el 


and leading ultimately to the before-mentioned value of II, we have the new equation 
— gs [(m—1) (0,5 + 100,90? + 100,20, + 150,0,2) + (m — 2) (50,0, + 100,0,)] U 
+ P.745 (05+ 100:0, + 100,%; + 150,0? + 50,0, + 100,0;) U 
+ OP. A (t+ 600+ 400+  30,)U 
+40.P. 4 (03+ 30,0.) U 
+40,P. 4 02U=0. 


5. This may be written in the form 


— — 2 [(m — 1) (8? + 100,0, + 109,9; + 153,3) + (m — 2) (50,0, + 102,0,)] U 


oh Be 2,5 + 100,%0, + 100,20, + 150,02 + 50,0, + 102,0,) U 
+ 50,P ( 0+ 60,°0,+ 40,0, + 302)U 

+ 102,P ( 3+ 30,0.) U 

+ 100,P ( aU) =0; 


or putting for P its value, =2(m — 2), the equation becomes 

— 2 (0,5 + 100,0, + 100,0; + 159,0) U 

+ 50P (04+ 60,70,+ 40,0, + 302 )U 

+ 100,P (0° + 30,0) U 

-+ 103P .02U = 0; 
or as this may also be written, 

2 (3,5 + 103,0, + 103,9; + 150,0,2) U 
+ 50,P . 0U + 100,P . 9U + 100,P .0,U = 0. 
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6. But the equation 
Il =3% 


Ry] + 


dP =} 7 ol, 

1 
dP =} jy H + NOU, 
BP = 3 77 dH +AU; 


and substituting these values, the, foregoing equation becomes 


2 (0,° + 100,70, + 100,70; + 150,0,2) U 
+ (50,0 dH + 100,U2,H + 100, Ud.H) 3 Fy + A. 200.U 2,0 =0; 
or putting for A its value, = an (— 30H +4), and multiplying by 3H? this is 


9H? (8,5 + 109,9, + 100,20, + 153,32) U 
+15H (0,U0,H + 20,U0.H + 20,U0,H) 


+ (-80H + 4¥). 103,00,0=0, 


which is, in its original or unreduced form, the condition for a sextactic point. 


Article Nos. 7 and 8.—WNotations and Remarks. 


7. Writing, as in my former memoir, A, B, C for the first differential coefficients 
of U, we have Bv—Cp, Cy—Av, Aw— Br for the values of dw, dy, dz, and instead 
of the symbol D used in my former memoir, I use indifferently the original symbol 2@,, 
or write instead thereof 0, to denote the resulting value 


0, (=0) = (Bv — Cp) 0, + (CA — Av) dy + (Apu — Br) 0, 
and I remark here that for any function whatever Q, we have 
Q= A, B, C \=Ja. (U, 3, Q), 


ao TE A 
0,2, 0,0, 0,0 | 


where $=Av+py+vz. I write, as in the former memoir, 


© =(A, V, C, F, ©, HA, p, vr}; 
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and also 


V = (M, D, G, Y, ©, HFA, H, vÝðz, Oy; 0z), 


which new symbol V serves to express the functions II, U1, occurring in the former 
memoir; viz. we have I =2V¢®, O=2V H, so that the symbols I, O are not any 
longer required. 


8. I remark that the symbols 0, V are each of them a linear function of 
(dz, ðy, 2), with coefficients which are functions of the variables (æ, y, z), and this 
being so, that for any function I whatever, we have 


a(VIl)=(0.V) 1 +aV0, 


viz. in 0(VII) we operate with V on II, thereby obtaining VII, and then with ð on 
VII; in (0.V) IL we operate with ð upon V in so far as V is a function of 
(z, y, z), thus obtaining a new operating symbol 0.V, a linear function of (ðs, dy, 02), 
and then operate with 0.V upon II; and lastly, in 0VII, we simply multiply 
together ð and V, thus obtaining a new operating symbol dV of the form (ðs, dy, 02), 
and then operate therewith on Il; it is clear that, as regards the last-mentioned 
mode of combination, the symbols ð and V are convertible, or 0V = V0, that is, 
oV Il = Voll. 


It is to be observed throughout the memoir that the point (.) is used (as above 
in 6.V) when an operation is performed upon a symbol of operation as operand; the 
mere apposition of two or more symbols of operation (as above in 0V) denotes that 
the symbols of operation are simply multiplied together; and when dV is followed by 
a letter II denoting not a symbol of operation, but a mere function of the coordinates, 
that is in an expression such as VII, the resulting operation 0V is performed 
upon II as operand; if instead of the single letter II we have a compound symbol 
such as HU or HVS, so that the expression is HU, HVX, 0VHU or 0VHVS, 
then it is to be understood that it is merely the immediately following function H 
which is operated upon by ð or 0V; in the few instances where any ambiguity 
might arise a special explanation is given. 


Article Nos. 9 to 11.—First transformation. 


9. We have, assuming always U=0, the following formule (see post, Article 
Nos. 31 to 33): 


(2,8 + 10,20, + 103, + 150,32) U 
a on jy (Tm? — 96m + 81) Hod + (17m? — 56m + 51) PAH) 
9gs 
(m — 1) 
SME a 
(m — 1) 


£ {(— 14m — 22)(0.V) H — (10m — 18) V H) 


(3N }, 
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0,U0,H + 20,U0.H + 20,U00,H 

Da 
Ry 

+ iy (Om-2)H0.V)H  +(8m-—16)ðHV H) 
¥ 

+ yy OA} 

S4 
0,U00,U = (m— 1) Hod. 


10. And by means of these the condition becomes 


0= fa — (153m? — 594m + 549) Had + (— 102m? + 396m + 366) BH} 
93] 
+ igs Ty {(—96m + 168) H(0.V) H + (— 90m + 162) HOV H + (120m — 240) dHV H} 
+ Gai ha Zy {9100 — 45HOOH + 40V0H}, 


being, as already remarked, of the degree 5 in the arbitrary coefficients (A, m, v), and 
of the order 12m — 22 in the coordinates (a, y, 2). 


11. But throwing out the factor X°, and observing that in the first line the 
quadric functions of m are each a numerical multiple of 51m?—198m+183, the 
condition becomes 


0= (51m? — 198m + 183) H? (3Ho® — 29H) 
+9% {(— 96m + 168) H? (9. V ) H + (— 90m + 162) HOV H + (120m — 240) 3H V H} 
+ 9 (900 — 45 HQH + 40V0H}. 


Article Nos. 12 and 13.—Second transformation. 
12. We effect this by means of the formula 
(m — 2) (3Ho® — 260H)=—% Jac. (U, ®, H), (J) 6) 


for substituting this value of (3Hd@—20dH) the equation becomes divisible by S 
and dividing out accordingly, the condition becomes 


_ 51m? — 198m +183 Ih Jac. (U, ®, H) 


m—2 
+ (— 96m + 168) H? (0.V) H+(— 90m + 162) HOV H + (120m — 240) HIH V H 
+93 (900, — 45HO0H + 40V0H) = 0. 


(J) here and elsewhere refers to the Jacobian Formula, see post, Article Nos. 34 and 35. 


29—2 
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13. We have (see post, Article Nos. 36 to 40) 
Jac. (U; &, H)=-(.V)H; 
and introducing also ð. VH in place of dV H by means of the formula 
oV H =09(V H)-— (0.V)H, 
the condition becomes 


[51m — 198m + 183 
l m—2 


+ (—90m + 162) Ha (V H) +120 (m — 2) HH V H 
+9 (9H09 — 45HH + 40V3H)=0, 


- (6n—6)} 12(3.V) H 


or, as this may be written, 
(45m? — 180m + 171) H? (9.V ) H 
+ (— 90m + 162) (m — 2) H (V H) + 120 (m — 2} HOHV H 
+ (m — 2)3 (9H — 45HOQOH + 40V0H) = 0. 


Article Nos. 14 to 17.—Third transformation. 


14. We have the following formule, 
S Jac. (U, VH, H) —(im-11)0HVH+(8m—6) Hə (V H) =0, (J) 
9 Jac. (U, V, H) H-—(2m-— 4)0HVH+(38m-6)H (0.V)H=0, (J) 


in the latter of which, treating V as a function of the coordinates, we first form the 
symbol Jac. (U, V, H), and then operating therewith on H, we have Jac. (U, V, H) H; 


these give 


Ha(V H) = es 2HY H — ratte (U, VH, A), 


H(a.V)H= 3H V H — Jac. (U, V , H)H; 


I — 2) 
and substituting these values, the resulting coefficient of HOHV H is 
(45m? — 180m + 171) 2 


+ (— 90m + 162) me B 


+ 120 (m — 2}, 
which is = 0. 
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15. Hence the condition will contain the factor X, and throwing out this, and 


also the constant factor ee it becomes 


(— 15m? + 60m — 57) H Jac. (U, V , A) 
+ (30m —54)(m—2) H Jac. (U, VH, H) 
+ (m — 2} (9°00, — 45HOOH + 40V0H) = 0. 
16. We have 
On (V H) = (02.V) H + d V-H, 


viz. in (0;.V) H, treating V as a function of (æ, y, z) we operate upon it with 0d, 
to obtain the new symbol 0,.V, and with this we operate on H; in 0,V we simply 
multiply together the symbols 0, and V, giving a new symbol of the form (d,?, 0,0y, 0202) 
which then operates on H. We have the like values of ð (VH) and 0,(V H); and 
thence also 

Jac. (U, VH, H)=Jac. (U, V, H) H+Jac. (U, VHA, H), 


viz. in the determinant Jac. (U, V, H) the second line corresponding to V is 0,.V, 
dy.V, 02.V (V being the operand); and the Jacobian thus obtained is a symbol 


which operates on H giving Jac. (U, V, H) H; and in the determinant Jac. (U, V H, H) 
the second line is 0,V H, 0,V H, ùV H (V being simply multiplied by ðv, 0,, 0, respec- 
tively). 


17. Substituting, the condition becomes 
(— 15m?+ 60m — 57) H Jac. (U, V, H) H 
+ (30m — 54) (m— 2) {H Jac. (U, V, H) H + Jac. (U, VH, H)} 
+(m-2F {9°00 —54HOOH + 40V0H} = 0, 
or, what is the same thing, 
(15m? — 54m + 51) H Jac. (U, V , A) 
+ (30m — 54) (m — 2) H Jac. (U, V H, H) 
+ (m — 2) {9HQ — 45 HQH + 40V0H} = 0. 


Article Nos. 18 to 27.—Fourth transformation, and final form of the condition for a 
Seatactic Point. 


18. I write 
(5m — 12) NOH — (8m — 6) HON =Y Jac. (U, Q, H) (J) 
QOH + H0Q = ð (QH), 
and, introducing for convenience the new symbol W, 
— 500H + Hon = W, 
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so that 
5m — 12, —(8m—6), SJac. (U, Q, H) |=0, 
1 Y. 55 ae 
—5, IELA 


or, what is the same thing, 
(8m — 18) W + 69 Jac. (U, Q, H) + (10m — 18) (QH) =0, 
we have 
Š 5m — 


RT 9 
W= HoN — 50H =~") 3 Jac. (U, Q, H)- Z5 9 (0M), 


19. We have also 


(8m — 18) YH — (3m — 6) HOY — X Jac. (U, Y, H)=0, (J) 
that is } 
te § (m — 2) 
VoH = in 29 7 9% (U, YP, r Ear r. Hoy, 
and thence 
9HW + 40V0H = 9H°00 — 45HOOH + 40V0H, 
_ 9(5m—9) 60 (m — 2) 
4m —9 erative ed 4m —9 ep 
a (27H Jac. (U, Q, H) +40 Jac. (U, Y, H). 


20. The condition thus becomes 
(15m? — 54m + 51) (4m—9)H Jac. (U, V , A 
+6(5m—9)(m—2) (4m—9)H Jac. (U, VH, H) 
+3 (m — 2) {— 3 (5m — 9) (m — 2) Ho (QH) + 20 (m — 2)? HOV} 
+ (m—2)9 {— 27H Jac. (U, Q, H) +40 Jac. (U, Y, H)}=0, 
which for shortness I represent by 
3HII + (m—2) {—27H Jac. (U, Q, H)+40 Jac. (U, Y, H)} =0, 
so that we have 
I= (5m?—18m+17)(4m—9)Jac.(U, V , HH 
+ 2 (5m — 9) (m — 2) (4m — 9) Jac. (U, V H, H) 
+ (m-—2){-3 (5m —9)(m—2)0 (QH)+ 20 (m — 2} 9P}. 
21. Write | 
Y =X, V, ©, Y, ©, HVA, B, CF, 
where (A, B, C) are as before the differential coefficients of U, and (a’, b, e, f’, g’, h’) 


? 


being the second differential coefficients of H, (W, B, ©, F, ©, H) are the inverse 
coefficients, viz., 2U’=b’c’—f", &e. We have 


— (m—1)0¥, = (8m — 6) (3m —7)0(QH) —(38m—T) dV (see post, Nos. 41 to 46), 
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that is 
Gm-6)3(QA)= 3m- 1r -Z ow,, 
and thence 
L= (5m? — 18m + 17) (4m — 9) Jac. (U, V , H)H 
+2(5m—9) (m -— 2) (4m —9) Jac. (U, V H, H) 
+ (m—2) fom- 18m + 17) 3Y TE Bas vit = 0. 
22. Now 


T(N: D, ©, §, G, pia BL CY, V= (4, BY, ©, FY, G, HA, B, Cy, 
and writing for shortness 
EV =(0%,..¥A’, BY, CY, FY =(A,..04’, BY, CYA’, 0B’, o@), 
EV, =(0U",..§A, B, Cy, FP =W.. YA, B, C KoA, 0B, a@), 


(we might, in a notation above explained, write EY =ðF;, FV = 40W}, and in like 
manner EV,=0WV,;5, Fy, =40V,q), then we have 
ov = EV + 2FY, OV, = EV, + 2FY,. 


We have moreover 
Jac. (U VH, H) =- nN, | post, Nos. 47 to 50. 
Jac. (UEV. HH S — EV, } post, Nos. 51 to 58. 


23! The just-mentioned formule give 


I=— (5m?—18m+17)(4m—9) EY 


— 2 (5m — 9) (m — 2) (4m — 9 = FY, 
+ (m—2) (5m? —18m+4 17) (EF +2FV) 


(5m — 9) (m — (m— 2) (EY, + 2F Wn) 


3m — 
that is 
Il=— (8m-—7) (5m? — 18m + 17) EW 
+2( m—2) (5m? — 18m +17) Fy 
a (5m — 9) (m — 1) (m — 2) EW, 
3m —7 


_ 2(m—1)(m— 2)(8m — 8) (5m — 9) 
3m — 7 EN 
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or, as this may also be written, 


(8m—7) TI =—(5m?—18m+17){—2(m—1)( m—2) FV, +(8m—7) Ey } 
—(5m—9)(m—2) { (m—1)(3m—8) FY, + (3m —7) (38m —8) FV —( m—1F EV} 
+(25m?—103m+106)(m— 2) { —( m—-1)FYV,+ (3m —7) FY k 


24. But recollecting that 


2=(A, B, C, 5, ©, Hid, dy, dz} H 


= (2, D, C, 8, ©, Diva’, B, c’, 2 2g', 2h’), 
and putting 


BO = (OU, ... 9 Ws») (=003), 
FO = (CA, ..:§0a) 23) (= 005), 
we have, post, Nos. 41 to 46, 
—2(m—1)(m—2) FY, + (3m —7P EV, = (3m — 6) (8m - 7) HEQ, 
(m — 1) (8m — 8) FV, + (8m — 7) (38m — 8) FY —( m—1) EY, =(38m — 6) (8m — 7) HFO, 
—( m—1)FW,+ (38m —7) PY — = (3m — 7) QOH, 


and the foregoing equation becomes 
(3m — 7) I = — (5m — 18m + 17) (8m — 6) (3m — 7) HEQ 
— (5m — 9)(m—2)(3m—6) (3m -— 7) HFO 
+( m — £) (25m — 103m — 106) (3m — 7) OOH. 
25. But we have 


9 Jac. (U, H, Qg) -— (8m — 6) HEQ + (2m — 4) OOH = 0, (J) 

S Jac. (U, H, Qy) — (3m — 6) HFO + (8m — 6) NOH = 0, (J) 
that is 

3 (m — 2) HEQ =2 (m — 2) QH +9 Jac. (U, H, Qg), 


3 (m — 2) HFO = (3m — 8) QH +9 Jac. (U, H, Qy), 
and we thus obtain 
Il =-—( 5m? — 18m + 17) {2 (m — 2) QH +9 Jac. (U, H, Q) 
—( 5m — 9) (m — 2) {(8m — 8) QH +9 Jac. (U, H, Qz)} 
+ (25m? — 103m + 106) (m — 2) QH, 
where the coefficient of (m — 2) QH is 
— (10m? — 36m + 34) 
— (5m — 9) (3m — 8) 
+ (25m? — 103m + 106), 
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which is =0. Hence 
II = — (5m? — 18m + 17) 9 Jac. (U, H, Qa 
— (5m — 9) (m — 2) & Jac. (U, H, Qz). 
26. Substituting this in the equation 
3HII + (m— 2) {—27H Jac. (U, Q, H) + 40 Jac. (U, ¥, H), =0, 
the result contains the factor $3, and, throwing this out, the condition is 
3H {—(5m?—18m+17) Jac. (U, H, Ag) —(5m—9)(m — 2) Jac. (U, H, Qz) 
+(m—2) {27H Jac. (U, H, Q)— 40 Jac. (U, H, V)}=0, 
or, as this may also be written, 
— (15m? — 54m + 51) H Jac. (U, H, Og) —3 (5m — 9) (m—2) H Jac. (U, H, OF) 
+27 (m— 2) {H Jac. (U, H, Qz) + H Jac. (U, H, O%)} 
— 40 (m—2) Jac. CU, H, ¥ )=0. 
27. Hence the condition finally is 
(12m? — 54m + 57) H Jac. (U, H, Og) + (m — 2) (12m — 27) H Jac. (U, H, Qz) - 
| — 40 (m — 2) Jac. (U, H, ¥)=0, 
or, as this may also be written, 
—3(m—1)H Jac. (U, H, Qz) + (m — 2) (12m— 27) H Jac. (U, H, Q) 
— 40 (m — 2¥ Jac. (U, H, Y)=0, 


viz. the sextactic points are the intersections of the curve m with the curve represented 
by this equation; and observing that U, H, HQ and W are of the orders m, 3m — 6, 
8m — 18 respectively, the order of the curve is as above mentioned = 12m — 27. 


Article Nos. 28 to 30.—Application to a Cubic. 
28. I have in my former memoir, No. 30, shown that for a cubic curve 
02 (a, By, C, 8, ®©, H Ve, Oy, 0.) H = — 25. U=0; 


this implies Jac. (U, H, 2)=0, and hence if one of the two Jacobians, Jac. (U, H, Qv), 
Jac. (U, H, Qa) vanish, the other will also vanish. Now, using the canonical form 


U =£ +y + 2 + 6layz, 


we have 
DEWE Oa, ...) 
=(yz—Pa, za—Py, sy- Pe, Pyz—le , zæ- , Pay- le) 
( —3?a, —3ly, —3lz, (14+ 20)a, (14 2l)y, (1+ 28)z), 
OF. 30 
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the development of which in fact gives the last-mentioned result. But applying this 
formula to the calculation of Jac. (U, H, Qg), then disregarding numerical factors, we 
have 

Qy = (yz — Pæ, . ,. Pyz — la’,. ,.Q—- 32, 0, 0, (1+ 20), 0, 0) 


=— 3? (yz — Px?) 
+ (1 + 20) (Pyz — læ?) 
= (—14+ B) (a? + 2lyz), =S0,U; 
and in like manner Qy = SU, 0,Q%=8S0,U, and therefore 
Jac. (U, H, Q5)=S Jac. (U, H, U)=0, 
whence also 
Jac. (U, H, Og)=0; 
and the condition for a sextactic point assumes the more simple form, 


Jac. (U, H, V)=0. 


29. Now (former memoir, No. 32) we have 
v= (4, B, C, F, ©, HIH, ðH, 0HY 
= (1+ 8; (PE + E + ay?) 
+(— 9%) (+ y? + 2)? 
+(— 21 — 5l — 207) (a +4? + 2) syz 
+ (— 15? — 78} + 120) a*y*2’, 
or observing that 4” + y°+2° and syz, and therefore the last three lines of the expression 


of Y are functions of U(=2°+y°+2+ Glayz) and H (=-— l (a3 + y + 2)+ (1+ 20) wyz), 
and consequently give rise to the term =0 in Jac. (U, H, V), we may write 


P = (14 82) (Y2 + Pa + ay’). 
30. We have then, disregarding a constant factor, 


Jac. (U, H, V)=Jac. (+ y+ 2, eyz, yet za + wy), 


yz , £0 , ay 
ae (Y+) YH), 2 (a+ y) 


a? (Y° — 2°) + y’ (2° — af) + 2° (a — y’), 


= (y? — 2) (2 — a”) (aè —y'), 
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so that the sextactic points are the intersections of the curve 

U =æ +y +2 + 6layz=0, 

(Y — 2°) (2° — a) (2 — y’) = 0. 


with the curve 


Article Nos, 31 to 33.—Proof of identities for the first transformation. 
31. Calculation of (0,5+ 100,70, + 100,70, + 150,02) U. 


Writing ð in place of D, we have (former memoir, No. 20) 


(0 + 60/%,) U= l 20 aH ei pe vz). 
(m—1) 
But 
_ 23,H = e Bin : 
T former memoir, 
T re 2 Nos. : 
Cori a cs oi 7) Ho-r RY H+ 9 D) os. 21 and 22; 
and thence 


(t+699) T= o aey- 66m +60) HÐ 


y 
* @m=1y 


(-10m +18) VH 
g4 
h fai: 
whence operating on each side with ð, =0, we have 


(Os + 100,70, + 60%, + 120,04) U= o- y yy: (18m* — 66m + 60) (HO@ + A) 


+ (—10m+18){(0.V)H+0V H} 


(m — =i 


S4 
+ Ga iy? 


We have besides (see Appendix, Nos. 69 to 74), 


à = 
0,°0,U = (m —1) {(3m ze 6) Ho® -+ (— m+ 3) H) 
9gs 
tma zip l- @- 9) H), 
aaar LE gb + Gan); 
1⁄2 (m Šat 1% 


30—2 
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and thence 
92 


(40,70; + 30,0.) U = Re ETETA 


im —1) {(90m — 21) Ho® + (— m + 9) oH} 


93 
$ (m — 1) {-4(0.V) H}; 
and adding this to the foregoing expression for (0,5 + 100,%. + 62,50, + 120,3) U, 
we have 


(0,5 + 100,°0, + 100,70; + 150,0,?) U= 


n {(27m? — 96m + 81) HO® + (17m?—56m+51) 00H} 
HaT {(— 14m + 22) (0. V) H +(- 10m +18)aV . H} 
y 
+ (m— 1) 02 
32. Calculation of 
2,U0,H + 20,Ud,H + 20,UdH. 
We have 
Sti T H+H- Ho- $ vH,| aH =A, 
=a oH, . 0.H =0,H, 
92 1 9 
U= p E oH =— (C 3m+6)db- PH +—7 0. V) H, 


for which values see Appendix, No. 58. And hence the expression sought for is 


=m- = yy {((m- 1) (30,H +H) - H® — 39 V H) oH 


+2(m—1)0Hd,H 


+ 2H ((— 3m + 6) Hob — oH + 9 Q.V) H)}, 

which is 
-ai $ (m —1)3H 3H 
+ (m-1)ðH H 


+ (—6m+ 12) H% — 3HDIH) 
9! 


* Ga — Tp | 


(2H (0.7) H — 20H V H}. 
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But we have, former memoir, Nos. 21 and 25, 


Wg E ata raian Ho- oe VH. 


3m — 6) (3m —7 ) 6m — 14 > 
eH——! H® +. 9V H- 
(m—1) (m—1) (m— “iy 
so that the foregoing expression becomes 
> 


= Ga ip |- (Sm — 16) HOH + $90H V H 


I ace at ara HoH + $” 9HY H -> H 


m 


k 3H®dH — (6m — 12) H2®} 


9gs 


+1 CHO. Y) H- HVE}; 


or finally 
0,U0,H + 20,U0,H + 20,U0,H = 


92 


tai TEC 6m? + 18m — 12) HOP + (— 17m? + 60m — 55) HOH} 


+ Gy >y Cn- 2) H (@. V) H + (8m — 16)3HV H} 
g4 


+ Gay an: 


33. Calculation of 0,U0,U. 
This is 
g 
~ (m— 1)! 


Article Nos. 34 and 35.—The Jacobian Formula. 


237 


34, In general, if P, Q, R, S be functions of the degrees p, q, r, s respectively, 


we have identically 
pP, QQ, rk, sS =O; 
OeP, 0:Q, Of, O08 
OyP,  dyQ, > OR, 0,8 
E A E EG SA 


or, what is the same thing, 


pP Jac. (Q, R, K)— qQ Jac. (R, S, P)+rR Jac. (S, P, Q)-— sS Jac. (P, Q, R) = 
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Hence in particular if P= U, and assuming U=0, we have 
— qQ Jac. (R, S, U)+rR Jac. (S, U, Q)—sS Jac. (U, Q, R) =0. 
If moreover Q=S%, and therefore g=1, we have 


—9 Jac. (R, 8S, U)+rR Jac. (S, U, X)— s8 Jac. (U, 8, R)=0; 


or, as this may also be written, 

—3 Jac. (U, R, 8)+rR Jac. (U, S, 8)—sS Jac. (U, 8, R)=0; 
that is 

—9% Jac. (U, R, 8)+rRoS—sSd R=0. 


35. Particular cases are 


(2m— 4) @0H — (3m — 6) Hob =X% Jac. (U, ® , H), ante, No. 12, 
(5m — 11) V HoH = (3m — 6) Ha (V.H) =9 Jac. (U, VH, Hyj, Lo, 
(2m— 4)V :3H-— (3m -— 6) Hð.V =9 Jac. (U, V , H), - $ 

(5m — 12) QH — (3m — 6) HOO =9 Jae (U, Q , M), 5 18, 
(8m—18) WoH — (3m — 6) HoV E a e a e) ” 19, 
(2m— 4) QH — (3m — 6) HEQ =% Jac.(U, Og, H), y 25, 
(3m— 8) QƏH -—(3m-6)HFQ* =9 Jac. (U, Qz, H), 3 ‘ 


where it is to be observed that in the third of these formule I have, in accordance 
with the notation before employed, written ð. V to denote the result of the operation 
ð performed on V as operand. I have also written V :dH to show that the operation 
V is not to be performed on the following ðH as an operand, but that it remains 
as an unperformed operation. As regards the last two equations, it is to be remarked 
that the demonstration in the last preceding number depends merely on the homo- 
geneity of the functions, and the orders of these functions: in the former of the two 
formule, the differentiation of Q is performed upon Q in regard to the coordinates 
(æ, y, 2) in so far only as they enter through U, and Q is therefore to be regarded 
as a function of the order 2m—4; in the latter of the two formule the differentiation 
is to be performed in regard to the coordinates in so far only as they enter through 
H, and © is therefore to be regarded as a function of the order 3m—8, The two 


formule might also be written 
(2m— 4) 00H — (3m — 6) HONg=% Jac. (U, Og, H), 
(8m — 8) OQ0H - (3m — 6) HoN z=9 Jac. (U, Qz, H); 
and it may be noticed that, adding these together, we obtain the foregoing formula, 


(5m — 12) QOH — (3m — 6) HON =Y Jac. (U, Q, H). 
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Article Nos. 36 to 40.—Proof of equation (0.V) H = Jac. (U, H, ®), 
used in the second transformation. 
36. We have 
V. = (1... .OA, mv RE 
= (Ad, + Hd, + G02, Ho, + Ba, + F02, GO, + Fo, + COA, u, v). 


Also 
ð = (Bv — Cu) 0, + (CA — Av) a, + (Ap — BA) ô; 
=P + uQ +vR, 
if for a moment P, Q, R = Cð, — Bd:, Ad, — Coz, Bòz — Ady. 
Hence 


0.V =(P + Qu + Rv). (0, +Hd, + G02, Hz + Ba, + Foz, Gdr + Foy + CYA, p, v), 
viz. coefficient of 2 
= Pd, + PHa, + PGa,, 


and so for the other terms; whence also in (0. V) H the coefficients of A’, &c. are 


(PW, + PHI, + PO) H, &e. 


37. Again, in Jac. (U, H, ©), where ®=(, B, ©, F, ©, HHA, p, v), the coefficients 
of X, &. are Jac. (U, H, A), &c.; and hence the assumed equation 
(@. V) H=Jace. (U, H, ®), 
in regard to the term in Aè, is 
(PAd; + PH, + PO) H = Jac. (U, H, W), 
and we have 
Jac (UA Wy=) ACG OB SG A 
3H, 0H, ‘Ont 
Gy: Oise OOR 40s 
= (0,H (Cð, — Bo.) + 0yH (Ad, — Coz) + 0-H (Bòs — Ady)] A, 
=(0,H.P+0,H.Q+0,H. BR); 


so that the equation is 
PAH + PHH + POH, 


= Po, H + QUe,H + RW-H, 
or, as this may be written, 
[(Ba, — Co,) H — (Cd, — Adz) A] 0, H 
+ [(B9; — Co,) © — (Aa, — Bòz) A] 0,H = 0. 
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38. The coefficient of 0,H is 
= Ad,%U + Bo,H — C (A + 0,H), 
which, in virtue of the identity, post, No. 40, 0,% +0, + 0,6 = 0, 
is 
= AdA+ BIH + 00G ; 
and in like manner the coefficient of 0,H is 
= — (Ad A + Bo, + COG), 
so that the equation is 
(Ad, + Bo, + Co,G) 0,H — (Ad, + Bo, + Co,G) 0,H = 0. 
39. But we have 
Ya +Hh +G =H, 
Ak +Hb +Gf =0, 
Ag +H +Ge =0, 
or multiplying by v, y, z and adding, 
(m—1)(HA + HB +60) =cH; 


whence also 


(m—=1) (Ah + Hb + Ge + 4AA + BH + 000) = «0,H, 


that is 
(m — 1) (Ad,% + Bd,H + Cd,G) = 2H ; 


and in like manner 


(m — 1)(Ad,2 + Bd,H + 0d, ©) = 20,H, 


whence the equation in question. The terms in A? are thus shown to be equal, and 
it might in a similar manner be shown that the terms in wy are equal; the other 
terms will then be equal, and we have therefore 


(0.V)H=Jac. (U, H, ®). 
40. The identity 
zt +H +36 =0 
assumed in the course of the foregoing proof is easily proved. We have in fact 
PsA + yH. + 0.6 = dz (be —f*) +d, (fy — ch) + dz (fh — bg) 
= b (dzc — Oxg) + ¢ (dxb — Oyh) + f (— Daf + dyg + Ozh) + g Oyf — db) + h (— dye + df), 
where the coefficients of b, c, f, g, h separately vanish: we have of course the system 
zA +3 +% =0, 
ôH +38 +0, =0, 
2.6 +0,5 +06 =0. 
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Article Nos. 41 to 46.—Proof of identities for the fourth transformation. 


41. Consider the coefficients (a, b, c, f, g, h) and the inverse set (M, B, ©, §, ©, H), 
and the coefficients (a’, b’, c’, f’, g’, K), and the inverse set (W, W, C, Y, ©, H’); then 
we have identically 

(a,..Ua, y, zF (U,..¥a,..)-(QU’,.. Yar +hytgz,..? 
=(a’,..Qa, y, zP(U,..Ya’,..) -—(A,. Yaw + kyt gz, . $, 
where (2l’,..Qa,..) and (A, ..Ya’,..) stand for 
(W, B C, y, ©’, H'ýa, b, C, 2f, 29, 2h ) 
and 
(4,3, €, §, 8, Ha, U,.c, 2’, 29’, Bh’) 
respectively. 
42. Taking (a, b, c, f, g, h), the second differential coefficients of a function U 


of the order m, and in like manner (q’, V, c’, f’, g’, h’), the second differential coefficients 
of a function U’ of the order m’, we have 


m (m —1) U .(Q’,. .YOz, dy, 0.) U — (m —1F (W, ..§0,0 , ðU , 0,0 X 
=m (m —1) U’.(U,.- Woz, ðy, 0,2 U — (m —1) (A, ..Y0,U", 0,0’, 0U; 
and in particular if U’ be the- Hessian of U, then m = 3m — 6. 


43. Hence writing 
Q =(A,..Ade, dy, 02H, Y =(U,..¥0,H, 0,H, doM, 
Q, = (X, ° 0x, Os; 02)" U; VY, = (X, d RVA U, Oy U, z UY, 


we have 
m (m—1) UQ, — (m — 1} Y, = (8m — 6) (8m — 7) HQ — (3m — TF Y; 
or if U=0, then 
—(m—1)V,=(8m — 6) (3m — 7) HQ — (3m -1$ Y ; 
whence also 
— (m — 1} dV, = (8m — 6) (8m — 7) (HƏQ + NAH) — (8m — TF OY, 


which is the formula, ante No. 21. 


44, Recurring to the original formula, since this is an actual identity, we may 
operate on it with the differential symbol 0 on the three assumptions: 


1, (a, b,c, f, g, h) (A, B, ©, &, ©, H) are alone variable. 
2. (@,U, 6, fF, of, &); W C, y, ©, H) are alone variable. 


3. (æ, y, z) are alone variable. 
Oo NV 31 
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We thus obtain 
(Oa, ..Qa, y, 2) (2, ..Wa, ..) (a’,..§a, y, 2° (O04, ..Ua',..) 
+ (a, ..Ua, y, 2° (Ql, . Yaa, ..) — (OA, ..Ya'a'+ ky + g'z, ..), 
—2(Y,..QYaxr+hy+gz,..¥ada+ ydb + 20c, ..) 
(a, ..§a, y, 2 (ON, ..a,..) 


(da’, ..§a,.y, 2)-(U, Qa’, ci) 


— (OW, ..Xas+hy + gz, ..) + (a’,..Ya, y, 2P (A, . Xda ..) 
— 2(U,..Ya'r+ h'yt+g'z,..Qada’ + yoh’ + 209’, ..), 
2 (a, Yæ, y, YOu, dy, 32) (W, ..a, ..) = 2(a',..Qa, y; z\ou, dy, d2)(A; ..0a’, ..) 
—2 (W, Yas + hy + gz, Yade + hay + gdz, .) —2 (A, Ya'e+h'y+q/z,..Qa'dx+hdoy+g'0z, ..). 


45. If in these equations respectively we suppose as before that (a, b, c, f, g, h) 
are the second differential coefficients of a function U of the order m, and (a, b’, c’, f’, g’, W) 
the second differential coefficients of a function U’ of the order m’; and that (A, B, C), 
(A’, B’, C’) are the first differential coefficients of these functions respectively, then 
after some easy reductions we have 


(m—1)(m—2)0U (W, .. ýa, ..) = m (m—1)U (0A,.. Ya, ..) 
+m (m — 1) U (XW, .. Vda, ..) —(m —1) (0A, ..%.A’, B', CF, 
—2(m—1)(m—2)(XW,.. 4A, B, CYOA, OB, aC) 
m(m—1)U(0A’,..%a’,..) = (m’—1)(m'—2)aU' (A, ..¥a’, ..) 
—(m—1)(04’,..%.A, B, CP +m (mw —1) U (A, ..Yea’, ..) 
—2(m—1)(mw —2)(A,..{ A,B’, C’'YOA’,aB’,0C’) 
2(m—1)0U (V, ..Ga, ..) = 2(m'—1)0U' (a, ..%a’,..) 
— 2(m—1)(’,..%.A, B, CYA, ƏB, ƏC) — 2(m'—1) (4, ..¥A’, BY, CYA’, aB’, a@’), 


equations which may be verified by remarking that their sum is 
m(m—1) {9U (W, ..Ka, ..) + U[(W, ..Yoa, ..) + OW’, ..Ya, ..)]} 
—(m—1) {0%’,..1.A, B, CP +(’,..0A, B, CYA, ƏB, O) = m (m —1) &e., 
viz., this is the derivative with ð of the equation 
m(m—1) U (W, ..%a,..)—(m—-1) (A’,..0A, B, CP =m (m —1) &e. 
46. Taking now U’=H, and therefore m’=3m—6; putting also U=0, dU=0, 
and writing as before 


EY =(0A,..9A4’, BY, Cy, 

PY =(,..¥A’, BY, O'YA’, eB, 00’), 
EV, = ONW, ..¥A, B, CP, 

FY, =( W,..%A, B, CYA, dB, d0), 
EQ = (0A, ..0a’, ..), 

FO =( A, ..Yoa’, ..), 
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then the three equations are 


— 2 (m — 1) (m — 2) Fy, = (8m — 6) (3m — 7) HEQ — (3m — TF EYF, 
—(m— 1} EY = (3m — 7) (8m — 8) OOH 

+ (3m —6)(8m—7) HFO — 2 (3m — 7) (8m — 8) FY, 
— 2 (m — 1) PY, = 2(3m— 7) 00H — 2 (3m — 1) FY, 


whence, adding, we have 


— (m— 1} (EF, + 2FV,) = — (3m — 7P (EY + 2FY) 
+ (3m — 6) (3m — 7) {00H + H (EQ + FO), 
(that is 
—(m—1)0¥, = — (3m — TF OF + (3m — 6) (8m — 7) 0. QH, 
which is right), 
And by linearly combining the three equations, we deduce 
(8m — 6) (8m — 7) HEQ = — 2 (m — 1) ( m — 2) FY, + (3m — T£ EY, 


(3m— 17) 00H =— (m—1) FY, + (3m — 7) PE, 
(3m — 6) (3m — 7) HFQ= (m -—1)(3m — 8) FV, + (8m — 7) (8m — 8) FY — (m —- 1} EY,, 


which are the formulæ, ante, No. 24. 


Article Nos. 47 to 50.—Proof of an identity used in the fourth transformation, viz., 


Tee E M=- P, 
or say ' 
Jac. (U, H, VH)= ma (W, ..X4, B, OXA, 3B, 20). 
47. We have 


Vv ae (21, ii QA, KB, výz, Oy; 0z) 
rm (A, H, GHA, H, v), (Ñ, P, SHA, My v), (G, 8, CYA, H v) Ý z, Oy, 3z); 


or, attending to the effect of the bar as denoting the exemption of the (M, ..) from 
differentiation, 


Jac. (U, H, VH)= (A, H, GIA, u, v) Jac. (U, H, dH) 
+(H, B, FWA, m, v) Jac. (U, H, dH) 


+ (G, §, GHA, u, v) Jac. (U, H, 0,H). 
31—2 
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48. Now 
Sab UU) Tey, Gall ¥en a Jac. (U, eH + y0, E + 20,H, 34H), 


and the last-mentioned Jacobian is 
=0:H Jac. (U, æ, 0,H)+0,H Jac. (U, y, 0zH)+0,H Jac. (U, z, 02H) 
+y Jac. (U, 0,H, 0,H)+2 Jac. (U, 0,H, 0,H), 
where the second line is 
=— y Jac. (U, 0,H, dyH) +2 Jac. (U, 0,H, 0,H), 
or writing (A’, BY, CO’) for the first differential coefficients and (a’, b’, c, f’, g’, h’) for 
the second differential coefficients of H, this is 


=—y|A, B, C|+2|4A4, B, C 


d / 


iad SET Pe Pe 
en S| Poa. PEE 
=y (0; ¥, CYA, B, C)+2(H’, 8, GHA. B, C). 
The first line is 
= Ai BAC 
Ar BU 
i, ht g 
= A (Bo — On) + B(Cd — A'g)+ C(A'h’ — Ba), 
or reducing by the formule, 
(8m—7)(A’, BY O)=(wathy+ yz, Wa+Vy+fz, g'a +f'y +z), 
this is 
j; — {4 (— Gy + H2)+ B(- Sy + Biz) + C(— Cy + F2)} 


=z [y (0, Y, CLA, B, 0) +2(GH, Y, FEA, B, O). 


Hence we have 


+ 1 l rA 7 / / / 
Jac. (U, H, ôH) = a (1 + sn 4) {— y (G, y ’ C ýA, B, C)+2(H', ¥’, Y ýA, B, C)} 
1 + id / / / / 
=3m—7 {— y (8, F, CHA, B, C) +2 (9, B’, & YA, B, C)} ; 
and in like manner 
Jac. (U, H, aH) = 3" [-2(', 9, OXA, B, 0) +2(0, Y, CYA, B, OY) 
Jac, (U, H, 0H) = se (— 0 (G’, BY, Y XA, B, C)+y(W, H, OXA, B, 0). 


www.rcin.org.pl 


341] ON THE SEXTACTIC POINTS OF A PLANE CURVE. 245 
49. We thence have 


Tee. HB VH)=, + ek $, Dr H, v), ($, B, TR m, v), (G, F, CH m v)|, 
(X, $’, OXA, B, 0), (§', B, FAA, B, 0), (©, Y, CLA, B, 0) 
a f y d 2, 
or multiplying the two sides by 
H,=|a, h, g|, 


the right-hand side is 


rice | oe ig. Hy 
ahii A Y Z 
(m—1)A, (m—1)B, (m-1)0, 
which is 
es m—1 r, Ms, Bats 
ie 3m — 7 b je 
Ag BU, 


if for a moment 
X =(M,..4A, B, Ca, h, 9), 
V=(’,..4A, B, CYA, b, f), 
2 =O 0A, B, Chg, f, c). 


50. Hence observing that these equations may be written 
X = (M',..¥A, B, CY0,A, 0,B, 0,0), 
Y =(',..§A, B, CYd,A, 0,B, yC), 
Z =(',..(A, B, CY0,A, 0,B, 0,0), 


and that we have 
d= AX, BM, Y 


On, Oy, 0z 
P EN ONA DA 


we obtain for H Jac. (U, H, V, H) the value 


= H Mw, ...HA, B, CXA, dB, 30), 


or throwing out the factor H, we have the required result. 
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Article Nos. 51 to 53.—Proof of identity used in the fourth transformation, viz. 
Jac. (U, V, H) H=— EY, or say Jac. (U, H; V) H=(0°, ... YA’, BY, Cy. 


51. We have 
7 =(%, $, GOA m v), ($, B, BA m v), (©, B, CLA m We, dy, 2), 
and thence : 
dV = ( (0A, Ax, XOLA, m, v), (OH, IB, UTAN, m, v), (020, 0.8, EKA, 1, v)WIx, Oy, 2)» 
and 
(dz. V ) H = (A, AnD, OXN, u, v), (rH, dB, TAA, u, v), (O20, d8, CNA, u, VYA’, B’, C’), 
with the like values for (ð. V) H and (02. V) H. And then 
Jac. (U, H, V)H= ee BJJ, C 
Ag a}, o” 
(0,. V Es @. Vo, @,.V)H, 
in which the coefficient of A” is 
= (Co, — Bo) (A, H, GYA, m, v); 
or putting for shortness 
(Coy — Boz, Ad,—C0z, Bd, — Ady)=(P, Q, R); 


the coefficient is 


(PA, PH, POYA, p, v). 


52. We have 
o =(P + Qu + Rv), 
and thence. 


coefficient A’? — 3A = (PA, PH, PGA, p, u) — (PA, QA, RAGA, u, v) 


which is 


ae {(Co, — Bo;) H ps (Az Eg 60,) A 
+v {(Co, — Bo.) © — (Bo, — Udy) MW}, 
where coefficient of p is 


=— 40A — BIH + C (0,2 + dy) 


= — (40,1 + Ba. + 03,0) = — —— 08, H, 
and coefficient of v is 
= + (Ad, + BoyS + 03,0) = — 1 H, 
so that 
$ P 1 
coefficient A” — 02% = — moi” (u0,H — vð, H). 
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53. By forming in a similar manner the coefficients of the other terms, it 


appears that 
Jac. (U, H, V) H— (0%, ...¥A’, BY, Cp 


=- (d'e+By+0s)| 4’, B, O 


or since the determinant is 
EA B C’ 5 = 0, 
A ee 
ASARD PUO 
we have the required equation, 
Jac. (U, H, V)H=(@%, -WAB Cy. 
This completes the series of formulæ used in the transformations of the condition 
for the sextactic point. 


APPENDIX, Nos. 54 to 74. 


For the sake of exhibiting in their proper connexion some of the formulæ 
employed in the foregoing first transformation of the condition for a sextactic ‘point, 
I have investigated them in the present Appendix, which however is numbered 
continuously with the memoir. 


54, The investigations of my former memoir and the present memoir have 


reference to the operations 

0, = dæ 0, + dy dy + dz 0z, 

d> = dad, + dydy + d?20,, 

03 = dad, + d*ydy + d*z0,, 

&e., 
where if (A, B, C) are the first differential coefficients of a function U=(*Qa, y, 2)", 
and 2, u, v are arbitrary constants, then we have 


dæ = Bv— Cu, dy=Crx-—Av, dz=Au-—Br; 


so that putting 
ð = (Bv — Cu) ðs + (CX — Av) dy + (Ap — BA) 0, 


=A. BB G 
N, By? 
| On, Oy, Oz, 


we have 0,=0. The foregoing expressions of (dx, dy, dz) determine of course the 
values of (dx, dy, dz), (d'e, dy, d'z), &c., and it is throughout assumed that these 
values are substituted in the symbols z, ðs, &c., so that ð, =0, and ô, ôs, &c. denote 
each of them an operator such as Xos + Yo,+Z0,, where (X, Y, Z) are functions of 
the coordinates; such operator, in so far as it is a function of the coordinates, may 
therefore be made an operand, and be operated upon by itself or any other like 
operator. 
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55. Taking (a, b, c, f, g, h) for the second differential coefficients of U, (2, B, © J, ©, H) 
for the inverse coefficients, and H for the Hessian, I write also 


PSO A h v), 

vA E ... A, E Oy, Oz), 

C = (2, ...Y0,, Oy, a2)*, 

X =e + py + vz, 

QO =(a, ...Ye,, oy, 0." H, =O, 

F =(, ...¥0,H, 0,H, 0,H)’, 

T = (a, ...Ypwd,—vdy, vd, — Oz, My — waz)’, 


and I notice that we have 


iin 90,5 VOLE... Oe = ee 
m—1 


V3= PIVU SHD , V.d=0, 
the last of which is proved, post No. 65; the others are found without any difficulty. 


56. I form the Table 


aU =0, 
a0 = ar T at 

aU =F (-) +a 7. 

av = ow + ane aH), 

2,0.U = 0, 

a= (20) l +a 7p OH) 

atu = (a - ais vo) +a ap (- #x- or id (YA), 
0,0 = t (0+ ve) +l- ite gp- va), 
aau- (-,0-0,- vo) +a PH+ Ho+ ve), 
a, anga (®:) tant vce H®), 

a0 =O (— gad — 0 + + wae) t oy manip (HH +H- A HOB Vi) 
aH = — 8 Ho + VE, 
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and assuming U=0, 


92 


aag =< gH = CMO Gm T) pre , Sm —14 g: Ta 
i (mal 


(m=-1} i) dees 
eee) eee ee ss 
(0,4) = (0H)? = — Gane H i > oy ated (m—1) 5 
which are for the most part given in my former memoir; the expressions for 0,U, 
0U, which are not explicitly given, follow at once from the equations 


(0° +0.) U=0, (02+ 20,0.+0;) U =0; 


those for ðU, 02U, and ðU are new, but when the expressions for ðU and 0,°U 
are known, that for 0,U is at once found from the equation 


(0,4 + 60,0» =f 40,0; + 30.7 + 0s) U= 0. 


57. Before going further, I remark that we have identically 


(a,..Qa, y, zP(a,..Quy—vB, va— y, AB— pay 
—| ac+hyt+gz, hæ+by+fz, gæ+fy+cz |? 
AEDADE i Ag 
ae j= Eia Yy | 
=(%,..Qap— aS, up — BS, vp—yS), 
(if for shortness p= as + By + yz, X= Me + py + vz) 
= PL ad Aa vl 
— 2p3 OLT OA, w, via o y) 
FRAL OE 8, y)* 
58. If in this equation we take (a, b, c, f, g, h) to be the second differential 
coefficients of U, and write also (a, B, y)=(@z, 0,, 0z) the equation becomes 
m (m — 1) UT — (m—1¥ = Ọ (adr + yd, +202)" 
— 23 (Loz + YOy + 202) V 
+80, 


Which is a general equation for the transformation of 0? (=2,). 


59. If with the two sides of this equation we operate on U, we obtain 
m(m—1) ULU -—(m-1YeU= m(m—1) PU 
—2(m-1)%V U 


+ SOU; 
a V, 3. 
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and substituting the values 


rU=%, VU=_" H, OU=3H, 


we find the before-mentioned expression of 0,°U. 


60. Operating with the two sides of the same equation on a function H of the 
order m’, we find 
m(m—1) UTH-(m-1P H= m'(m'—-1) 0H 
—2 (m’-1)SVH 
+ Sie) A: 


and in particular if H is the Hessian, then writing m’=3m-—6, and putting U=0, 
we find the before-mentioned expression for 0?H. 


61. But we may also from the general identical equation deduce the expression 
for (0H). In fact taking H a function of the degree m and writing 


(a, B, y) = (Ol, 0,H, 0-H), 
we have 
m(m—1)U(a,..%yd,H — vd,H, vd,H — rH, yH — pH Y — (m — 1) (oH? 


=m PH —-2mSHVH+S (A, ..0.H, 0,H, 0,H); 


and if H be the Hessian, then writing m’'=3m—6 and putting also U=0, we find 
the before-mentioned expression for (9HY. 


62. Proof of equation 


1 Bi 
Oo = PEs (Tox + Ydy + 202) + ne, V 


ti 1 
We have 
0 =9 . 0 = (Bv — Cp) 0, + (Cà — Av) dy + (Ap — BN) 0;}. 
(A (Cd, — Ba, ) + p (4d; — Cda) + v (Bòs — Ady)), 
which is 
=) (C"dy — B92) + u (4'9; — Cdx) + v (BO, — Ay), 
where 


A’=0A =a (Bv — Cp) +h(Cr— A v)+g(Ap-— Br) 
=) (AC —gB)+ u (gA —a0)+v(aB-— hA), 
with the like values for B’ and C”. Substituting the values 
(m—1)(A, B, C)=(ax + hy + gz, hæ+ by + fz, ge + fy + cz), 
we have 
(m —1) A' =) (Gy — Hz) + u(y — Bz) +v (Cy — Fe); 


and similarly 


(m—1) B= (Mz — Gx) + u (Hz — Fr) + v (Gz — Car), 
(m—1)C =) (Ha — Ay) + u (Be — Hy) + v (Fa — Gy), 
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and then 
(m—1)(C'0,—Bo,)= r[(Hx— Ay) ey — Az — Gz) 0,] 
+ u [(Bx — Hy) dy — (Hz — Be) 02] 
+v [(%e — Gy) a, —(Gz— Cx) a,] 
= Ale (A, H, GYdx, dy, dz) — A (az + ydy + 20-)] 
+ a [e (ġ, B, F Vox, dy, 02) — H (2ds + yoy + 202)] 
+v [e (6, &, © Vdr, dy, 02) — G (ds + ydy + 20:)] 
= a#(,...Yr, u, vUdxr, dy, 2)— (A, H, GIA, p, V) (ade + yy + 20;) : 


that is 
(m—1)(C0, — B’) =V — (A, H, GHA, u, v) (az + ydy + 202), 
and so K 
(m— 1) (49: — 002) =yV — (H, B, EVA, u, v) (2ds + Ydy + 202), 
(m — 1) (Boz — A'd) =2V —(G, F, C YA, u, v) (ae + Ydy + 202) ; 
whence 


(m —1) 0.= (Aw + py + vz) V — (A, ... QA, p, VE (dz + YOy + 202), 
=SV — (ad, + ydy +20.) ; | 
or finally 
ENE E E T NTE 
aL ee A T AAN 
63. This leads to the expression for 0,2U; we have 
1 Š s 
0. = (m as yy cb? (#0, + Ydy + 202)" 


28 
gx ET: iy DV (x0, + YOy + 202) 


CE PIE) 
yi (m— 1) ei 


and operating herewith on U, we find 


err em =1) 
OFU Eea Wy a 
_2(m—-1)8 


(m — 1)? eon 


92 


ee 
* (m—1) WF 


32—2 
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or since 
UU REY g i BD 
m— 1 
this is 
mU 92 
aU =o, mle TOT 
64. We have 0,0,U =0, and thence 


(0,70. + 0,03 + 0,7) U= 0, 


HÒ. 


that is 
0,03 U= pan 0:202 U TA 0.°U ; 


or substituting the values of 0,°0,U and 0,?U, we find the value of 0,0,;U as given in 
the Table. And then from the equation 
(0t + 60,20. + 40,0; + 302 + 04) U =0, 


or 


0,0 = (0,4 + 60,70. + 40,05 + 302) U, 


we find the value of ðU, and the proof of the expressions in the Table is thus 
completed. 


65. Proof of equation V.0=0. 


We have 
V.d=V. ((Bv—Cu)d, + (CXN—Av)d,+ (Ap— Br) az) 
= V . (A (pa,—vdy)+ B (vds — M) + O (My — pdz)) 
= V A (pô: — vd) + VB (vòs — dz) + V O (Ab, — Hx) ; 
and then 


VA=(M, ... VN; w, via, h, 9) = HN, 
VB =(A, ... NA, m, výh, b, f) = Hh, 
VO =(A, ... Và, w výg, f, c)= Hv; 


or substituting these values, we have the equation in question. 


66. Proof of the expression for 05. 
We have 
V; 


1 X% 
Oo on ml p (20x + Ydy + 202) + mo 


and thence operating on the two sides respectively with 0,, =0, we have 


ds = — y DP (dz + ydy + 202) + PO. (az + yoy + 20,)} 


1 . 
oT fosV +30. V}; 
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or since 


O . (ds + YOy + 202) =0, 0 = 0, 
this is 
1 > 


1 
0s = — — 4 OP (az + ydy + 202) -L sid Beanie Td vV, 


67. Proof of expression for dH. 
Operating with ð upon H, we have at once 


dH =- 


1 3 
-1 Hb- H + 0. V) H. 


The remainder of the present Appendix is preliminary, or relating to the in- 
vestigation of the expressions for 0,0,2U and 3U, used ante, No. 31. 


68. Proof of equation V?0U = 9H — Ho®. 
We have identically 


(L ... GA, ty VP QE... 00.50, S E OL -.. 0A, pw, vOee, Oy, a 
= (abe — &e.) (a, ... Yvdy — Hz, ADz— Vr, MOr — Oy)? ; 
ü- V= HF; i 


that is 


and then multiplying by ð, and with the result operating on U, we find 
0U — V?0U = HTV. 


Now 


OU = (A, ...%de, dy, 3 U 


= (I, ...Qa, b, c, 2f, 2g, 2h); 
and thence 
Dev = (A, ... Yda, 0b, dc, 20f, 20g, 20h) ; 
and observing that 
H=|a, hg |, 


and thence that 
oH =; da, dh, Og |+ @, (Ry wOR bh og (Sh, ee» 
RP UNITS lint O OO, On IE Nie d 
| ee A | mY fal dg, of, de 
=(%, H, Gda, oh, dg) + (H, V, Fah, db, of) + (G, F, CYog, af, ec), 


= (I, ...§da, ob, dc, 20f, 209, 20h, 
we see that 


OoU =oH. 
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Moreover 
DG = nl Gjpehteyetiee, & SU, 
= a( bv +cu? —2fur) 
+ b( cr? +a — 29rd) 
+ c( ap? + br? — 2hrp) 
+2f(—fM + gru + hv — apy) 
+2g( fap- ge? + hpv — br) 
+2h( fn +gvp— h? — cp); 
ToU= (a, ...Qvdy — Mey aU; 
= a(v0b+ wdc — 2uvdf) 
+ &e. 
= A? (bde + cob — 2f0/) 
+ &e. 
= (OA, dB, C, dF, 0G, HÍN, u, v)*, 


TU =0®. 
Hence the equation 
®O0U — V*0U = HTU 


and thence 


that is 


becomes 
9H — V*0U = HoP, 
that is 
VU = 20H — Ho®. 
69. Proof of equation 0,0,2U “ay (oH — HoP). 
We have 
0. = må Lyt (ðs + Ydy + 202) 
23 
Tin aie P (x0, + Ydy + 202) V 
92 
ta- 
and thence multiplying by 0,, =0, and with the result operating rs U, we find 
(m — 1) (m — 2) 2(m — 2) 
0,0.2U =~—__—_~__— ®0 U — p9 V U 
(m= 1) (m= 1) torah Mid 


But 0U=0, and thence also V (0U)=0, that is (V.0)U+V0U=0; moreover V.0=0, 
and therefore (V.d) U=0, whence also V@U=0. Therefore 


92 
(m— Ty 
or substituting for 0V?U its value =®dH—Hd®, we have the required expression for 
0,0.2U. 


0,0.2U = 
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70. Proof of equation 


ki 
(m—1) 


3 
2°0,U = (3m = 6) Hob + (—m-+3) PH) + ay [-@. V) Hh 
We have 
at PON op oe aioe, aay oe any 
a ig pO LYRE thy “9 EAT AaS 


mu 


and thence multiplying by ð? =, and operating on U, 


0,203 g-—t OU + - 5 @. V) aU. 


To reduce (0. V)0?U, we have 
e(VeU)= VFU + 0. VG) U, 
= V?U+[0.V)e+ V (0.0)] U, 
= VEU + (0.V)PU+2V00,U, 


and since 


1 re 
02 =— moi? w= TF YOy + 202) -7 eE V = 


multiplying by Vd, and with the result operating on U, we obtain 


V 00,U = — te 20U; 
or since VOU =0, this is 
V 00,U =- E VU. 
m— l 
Hence 
o(VeU)= VEU +3. Aa a V20U, 
that is 
(0. V)eU=a(Veu)— veU- VN. 
Substituting this value of (9. V)@U, we find 
; 1 À 
077 3 U- pie R pU 
m— 1l 


+ SRi (a(vev)- vU) 


m — l 


Has pe 2V%®U), 


the three lines whereof are to be separately further reduced. 
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71. For the first line we have 
3? 92 


Va PARE Baas 


a Sen a “nar te 


and hence 


first line of 0,°0,U = (m — 2) Ho® + H). 


g? 
(m— 1Y ( 


72. For the second line, we have 
V @U)=VeU+2(V .0)0U 
= V&U, since V.d=0, and therefore (V .d0)0U=0; 
that is i 


riiin mU S 
hiite a mi T api $ 


=” (UV®+0V0)- Gg pe OV H+29HV9); 


(m 


or writing 


U=0, VU=——. H, Vo=®, 
m— l 
this is 
3 (m—2)% 9 
ee (m—1) © Hen 1)? K 


whence also 
. (m—2)3 92 
o(Ve7U j= (Ho® tH- i (V H 
(VEU) = e y H + 0H) — rp (YH) 
Vev=V OU), 


Bins ab — >. aH). 


m—1 $ -1% j 


Similarly 


ae = yy OV @H) +29:V90H); 
or putting 
T=0,. V To A, WSs 
and observing also that V (0H), = V0H+(V.0)H is equal to VƏH, that is to 0VH, 


we obtain 
92 


> 
and then from the above value of 0(V@U), we find 
2 = 3 = ii =, 
d(VeU)— Va Um apt 2H + mboH) += yC 0(VH)+0V H); 
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or observing that the term multiplied by ani is =—(0. V) H, we find 


Ly 


second line of 0,0°U = mC 2Hd® + mbdH) + — 


i 


G aay 2. V)H). 


73. For the third line, substituting for V?9U its value = 9H — Hd®, we have 


third line of 0,°0,U =- 3 (9H — Ho®), 
74. Hence, uniting the three lines, we have 
0,°0,U = a "i ( ( m—2) HoP + H) 
92 ; SE 
tarama a m®IH) + im — 1 (—(0. V) H) 
dias ((2m — 2) Ho® + (— 2m + 2) BIH), 
(m—1) 
and, reducing, we have the above-mentioned value of 0,°0,U. 
OV 33 
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